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1 The Boltzmann-Gibbs distribution

The precursor of softmax [1] is defined as:

2 Softmax

Softmax [2] is defined as:

softmax : R — (0,1)%
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3 Safe softmax

Safe softmax [3] |4] is defined as:
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Theorem 3.1. Safe softmax is equivalent function to softmaz.



Proof.
eTi—Max;T;
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safe-softmax(x;) =
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= softmax(z;)

4 Online safe softmax

Online safe softmax was introduced and proved by Milakov and Gimelshein [3].

m is a running max, s is a running sum

Let m; < max(m;_1,x;), 8; < ;1717 M 4 Wi

Theorem 4.1. Online safe softmazx is equivalent to safe softmax

Proof. Base case (V =1):

mi < maz}f:lxk =x
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Inductive step:
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= maz(maz}_| vx, v,)

= maxy_, Tk
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5 Generalized online softmax version

Generalized version has been defined by Milakov and Gimelshein as:
my| %1 T2 £a%
= [3)e ] e-e
my, sy, x; € R
@ : R? x R? » R?

mi| o | _ max (m;, m;)
i sj Siemi—max(mi,mj) + Sjemj—max(m,;,m,j)

Theorem 5.1. Generalized online safe softmaz is commutative.

Proof.
A®B=Ba A

max(m;, m;) = max(m;, m;)

A® B = Siem,;—max(mi,mj) + Sjemj—max(mi,mj)
B ® A= Sjemjfmax(mi,mj) + Siemifmax(mi,mj)

Equal by commutativity of addition.

Theorem 5.2. Generalized online safe softmaz is associative.



Proof.
(AeB)oC=Aad (Ba(O)
A @ B:

map = max(ma,mp), Sap = Sa€ATTAB 4 gpeMBTAB

(A®B) @ C:

m(ap)c = max(mag, mc)

S(AB)C = SABemAB*m(AB)C + Soemc**m(AB)c
— (sAemA—mAB + SBemB—’mAB)emAB—m(AB)C + sCe’mc—m(AB)c (7)

— SAemA—m(AB)C + SBemB_m(AB)C + Scemc_m(AB)C

Ao (BaC):

ma(pcy = max(ma, mpc)

SA(BC) — SAemA*mA(Bc) + SBCemBC*mA(Bc)
— SAemA*mA(BC) + (sBemB*ch + ScemC*mA(BC))emBC*mA(BC) (8)

— SAemA—mA(BC) + SBemB_mA(BC) + scemc_mA(BC)

Now let’s see if m4(pcy = m(apyc- Remember that max is associative. So:

map)c = max(map, mc) = max(max(ma, mp), mc) = max(ma, mg, mc)

ma(pc) = max(ma, mpc) = max(ma, max(mp, mg)) = max(ma, mp, mc)

maBc) = MAB)C

Since above is true, let’s substitute the former in the equation for s4pc):
SA(BC) = sAemA_m(AB)C + SBemB_m(AB)C + sCemc—m(AB)c = 5AB(C) (9)

This version of softmax can be written down as CUDA kernel and run in
SIMT on GPU, like herel


https://github.com/jmaczan/tiny-vllm
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