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1 The Boltzmann-Gibbs distribution

The precursor of softmax [1] is defined as:

p(i) =
1

Q
e
(− ϵi

kBT )
=

e
(− ϵi

kBT )∑M
j=1 e

(−
ϵj

kBT )
(1)

2 Softmax

Softmax [2] is defined as:

softmax : RK → (0, 1)K

softmax(xi) =
exi∑V
j=1 e

xj

(2)

3 Safe softmax

Safe softmax [3] [4] is defined as:

safe-softmax(xi) =
exi−maxjxj∑V
j=1 e

xj−maxjxj

(3)

Theorem 3.1. Safe softmax is equivalent function to softmax.
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Proof.

safe-softmax(xi) =
exi−maxjxj∑V
j=1 e

xj−maxjxj

=
exie−maxjxj∑V
j=1 e

xje−maxjxj

=
exi�����

e−maxjxj

�����
e−maxjxj

∑V
j=1 e

xj

=
exi∑V
j=1 e

xj

= softmax(xi)

(4)

■

4 Online safe softmax

Online safe softmax was introduced and proved by Milakov and Gimelshein [3].
m is a running max, s is a running sum

Let mi ← max(mi−1, xi), si ← si−1e
mi−1−mi + exi−mi

Theorem 4.1. Online safe softmax is equivalent to safe softmax

Proof. Base case (V = 1):

m1 ← max1
k=1xk = x1

s1 =

1∑
j=1

exj−m1 = ex1−m1

Inductive step:

mn ← max(mn−1, xn)

= max(maxn−1
k=1xk, xn)

= maxn
k=1xk

(5)
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sn ← sn−1e
mn−1−mn + exn−mn

= (

n−1∑
j=1

exj−mn−1)emn−1−mn + exn−mn

= (

n−1∑
j=1

exj−mn) + exn−mn

=

n∑
j=1

exj−mn

(6)

■

5 Generalized online softmax version

Generalized version has been defined by Milakov and Gimelshein as:[
mV

sV

]
=

[
x1

1

]
⊕

[
x2

1

]
⊕ ...⊕

[
xV

1

]
mV , sV , xi ∈ R

⊕ : R2 × R2 → R2

[
mi

si

]
⊕
[
mj

sj

]
=

[
max(mi,mj)

sie
mi−max(mi,mj) + sje

mj−max(mi,mj)

]
Theorem 5.1. Generalized online safe softmax is commutative.

Proof.
A⊕B = B ⊕A

max(mi,mj) = max(mj ,mi)

A⊕B = sie
mi−max(mi,mj) + sje

mj−max(mi,mj)

B ⊕A = sje
mj−max(mi,mj) + sie

mi−max(mi,mj)

Equal by commutativity of addition.
■

Theorem 5.2. Generalized online safe softmax is associative.
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Proof.
(A⊕B)⊕ C = A⊕ (B ⊕ C)

A ⊕ B:

mAB = max(mA,mB), sAB = sAe
mA−mAB + sBe

mB−mAB

(A ⊕ B) ⊕ C:

m(AB)C = max(mAB ,mC)

s(AB)C = sABe
mAB−m(AB)C + sCe

mC−m(AB)C

= (sAe
mA−mAB + sBe

mB−mAB )emAB−m(AB)C + sCe
mC−m(AB)C

= sAe
mA−m(AB)C + sBe

mB−m(AB)C + sCe
mC−m(AB)C

(7)

A ⊕ (B ⊕ C):

mA(BC) = max(mA,mBC)

sA(BC) = sAe
mA−mA(BC) + sBCe

mBC−mA(BC)

= sAe
mA−mA(BC) + (sBe

mB−mBC + sCe
mC−mA(BC))emBC−mA(BC)

= sAe
mA−mA(BC) + sBe

mB−mA(BC) + sCe
mC−mA(BC)

(8)

Now let’s see if mA(BC) = m(AB)C . Remember that max is associative. So:

m(AB)C = max(mAB ,mC) = max(max(mA,mB),mC) = max(mA,mB ,mC)

mA(BC) = max(mA,mBC) = max(mA,max(mB ,mC)) = max(mA,mB ,mC)

mA(BC) = m(AB)C

Since above is true, let’s substitute the former in the equation for sA(BC):

sA(BC) = sAe
mA−m(AB)C + sBe

mB−m(AB)C + sCe
mC−m(AB)C = sAB(C) (9)

■

This version of softmax can be written down as CUDA kernel and run in
SIMT on GPU, like here.
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